Introduction
Wilker [18] was also established, where the constants (2/π) 4 and 8 45 are the best possible. The Wilker-type inequalities (1.1) and (1.2) have attracted much interest of many mathematicians and have motivated a large number of research papers involving different proofs, various generalizations and improvements (cf. [1-3, 6, 8, 10-16, 19-23, 25-28] and the references cited therein).
A related inequality that is of interest to us is Huygens' inequality [9] , which asserts that 2 sin x x + tan x x > 3, 0 < |x| < π 2 . Neuman and Sándor [15, Theorem 2.3] proved that for 0 < |x| < π/2, sin x x < 2 + cos x 3 < 1 2
x sin x + cos x .
(1.5)
By multiplying both sides of inequality (1.5) by x/ sin x, we obtain that for 0 < |x| < π/2, for 0 < |x| < π/2. In analogy with (1.2), Chen and Cheung [3] established sharp Wilker and Huygens-type inequalities. For example, these authors proved that for 0 < x < π/2, and (2/π) 6 are best possible, 9) where the constant 2 45 is best possible, and 3 + 3 20 10) where the constants 3 20 and (2/π) 4 are best possible. In view of (1.8), (1.9) and (1.10), Chen and Cheung [3] posed the following conjectures. Conjecture 1.1. For 0 < x < π/2 and n ≥ 3,
where B n (n ∈ N 0 , N 0 = N ∪ {0}, N := {1, 2, . . .}) are the Bernoulli numbers, defined by
Conjecture 1.2. For 0 < x < π/2 and n ≥ 1,
Here, and throughout this paper, an empty sum is understood to be zero. Conjecture 1.3. For 0 < x < π/2 and n ≥ 2,
Recently, Chen and Paris [4] proved Conjecture 1.2. This paper is a continuation of our earlier work [4] . The first aim of the present paper is to prove Conjectures 1.1 and 1.3.
Mortici [11, Theorem 1] presented the following double inequality:
(1.11)
By using Maple software, we find that In analogy with (1.13), we here determine the best possible constants α, β, λ, µ, ρ, and ̺ such that
for 0 < x < π/2. This is the last aim of the present paper.
A useful lemma
It is well known that
By using induction, Chen and Qi [5] (see also [24] ) proved the following Lemma 2.1. Let n ≥ 1 be an integer. Then for 0 < x < π/2, we have
where the the constants
are the best possible.
Main results
Theorem 3.1. For 0 < x < π/2 and n ≥ 3, we have
Proof. First of all, we prove the first inequality in (3.1). By using the power series expansions for cos x and tan x, we have
where
The first inequality in (3.1) is equivalent to
for 0 < x < π/2 and n ≥ 3, which can be written by (2.1) as
where we note that the term corresponding to k = n + 1 vanishes. We claim that for k ≥ n + 2,
2)
It is enough to prove the following inequality:
Using the following inequality (see [7] ):
it suffices to show that for k ≥ n + 2,
which can be rearranged as
Noting that the sequences 1 + 1 2 2k−2n − 2 and 2
are both strictly decreasing for k ≥ n + 2, it suffices to show that
for n ≥ 3, which can be rearranged as
Noting that the sequence a n := 2
is strictly decreasing, we see that a n ≤ a 3 = 1 127 + π This proves the claim (3.2). Hence, the first inequality in (3.1) holds for 0 < x < π/2 and n ≥ 3. Secondly, we prove the second inequality in (3.1). We consider two cases.
It is well known that for x = 0,
We then obtain that
The choice n = 2N + 1 in (2.2), we obtain from the right-hand inequality of (2.2) that
Adding these two expressions, we obtain
This shows that the second inequality in (3.1) holds for n = 2N + 1.
We need to prove
Noting that (2.1) holds, we can rewrite (3.6) as
We claim that for k ≥ 2N + 1,
Using (3.3), we find that for k ≥ 2N + 1,
Hence, the sequence
is strictly decreasing, and the sequence 2 π
is strictly increasing for k ≥ 2N +1. In order to prove (3.8) , it suffices to show that for k ≥ 2N +1,
By (3.3), it suffices to show that
Noting that the sequence
is strictly decreasing, we see that 
This proves the claim (3.7)
. Hence, (3.6) holds, which shows that the second inequality in (3.1) holds for n = 2N . Thus, the second inequality in (3.1) holds for 0 < x < π/2 and n ≥ 3. The proof of Theorem 3.1 is complete.
Theorem 3.2. For 0 < x < π/2 and n ≥ 2, we have
Proof. First of all, we prove the first inequality in (3.12). By using the power series expansions for sin x and tan x, we have
The first inequality in (3.12) is equivalent to 2(−1)
for 0 < x < π/2 and n ≥ 2, which can be written by (2.1) as
Using (3.3), it suffices to show that for k ≥ n + 2,
Noting that the sequences Noting that the sequence
is strictly decreasing, we see that This proves the claim (3.13). Hence, the first inequality in (3.12) holds for 0 < x < π/2 and n ≥ 2. Secondly, we prove the second inequality in (3.12). We consider two cases.
From the second inequality in (3.14) and (3.5), we obtain
This shows that the second inequality in (3.12) holds for n = 2N + 1.
Noting that (2.1) holds, we can rewrite (3.15) as
By (3.9) and (3.10), we see that the sequence
is strictly increasing for k ≥ 2N + 1. In order to prove (3.17) , it suffices to show that for k ≥ 2N + 1,
By (3.3), it now suffices to show that
, which can be rearranged as
is strictly decreasing, we see that
holds true for N ≥ 1, since
This proves the claim (3.16). Hence, (3.15) holds, which shows that the second inequality in (3.12) holds for n = 2N . Thus, the second inequality in (3.12) holds for 0 < x < π/2 and n ≥ 2. Proof. The inequality (3.19) can be written as
Direct computations yield In order to prove (3.19) , it suffices to show that f (x) is strictly increasing on (0, π/2). Differentiation yields 
Direct computation yields
where p n = (1890n − 16065)4 n + 16n 7 + 616n 5 + 1680n 4 + 889n 3 + 12810n 2 + 24309n + 11340 and q n = (n + 1)(2n + 3) (1890n − 16065)4 n + 64n 7 − 448n 6 + 3808n
Noting that 8(π/2) 2 < 20, we find that for 0 < x < π/2 and n ≥ 9,
Therefore, for fixed x ∈ (0, π/2), the sequence n → u n (x) is strictly decreasing for n ≥ 9. Hence, for 0 < x < π/2, We then obtain that f ′ (x) > 0 for 0 < x < π/2. The proof of Theorem 3.3 is complete.
Following the same method used in the proof of Theorem 3.3, we can prove the following theorem.
Theorem 3.4. For 0 < x < π/2, we have Proof. We only prove inequality (3.24) . The proofs of (3.22) and (3.23) are analogous. The inequality (3.24) can be written as
Direct computations yield In order to prove (3.24) , it suffices to show that F (x) is strictly increasing on (0, π/2). Differentiation yields 2 < 12, we find that for 0 < x < π/2 and n ≥ 6,
Q n − 12P n > 0 for n ≥ 6. (3.28)
Therefore, for fixed x ∈ (0, π/2), the sequence n → U n (x) is strictly decreasing for n ≥ 6. Hence, we have
We then obtain that F ′ (x) > 0 for 0 < x < π/2. Hence, the inequality (3.24) holds with the best possible constants given in (3.27). The proof is complete. Remark 3.2. Chen and Paris [4] showed that for 0 < x < π/2, 3 + θ 1 x 3 tan x < 2 x sin x + x tan x < 3 + θ 2 x 3 tan x (3.29)
with the best possible constants θ 1 = 0 and θ 2 = 1 60 .
The double inequality (3.24) is an improvement on the double inequality (3.29).
Appendix A: Proof of (3.10)
Noting that π 2 < 10, in order to prove (3.10), it suffices to show that for k ≥ 2N + 1, Hence, (A.1) holds for k ≥ 2N + 1.
